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(i) Prerequisities and Purpose
In this monograph we deal with the analysis of flows of phenomena over the
landscape. These flows may be of goods, people, conversation or ideas. We
shall use the term spatial interaction or just simply interaction to denote
any one of these flows over some study area. Data on such interaction may be
available as either individual movements or aggregated flows between sub-areas
within a study area. The former can be mapped simply as a collection of lines
joining the origin of the interaction to its destination. Aggregated data are
usually mapped using choropleth maps to denote varying densities of flow from
a single origin or to a single destination. In both these cartographic forms
the geographer has long been familiar with working with interaction data. Our
purpose here is to seek out the general patterns and regularities that exist
within such data which are not always evident from the cartographic portrayal.
The techniques we use for this task are all various applications of standard
regression analyses which produce best fit (i.e. 'least squares') functions
fora set of data. The resulting function then becomes a simple mathematical
model for representing the original data. In this monograph we use this
approach to model the concept of distance decay as observed in interaction
data. Several different models are presented and we show how interaction data
can be modified to fit these models' needs. Thus the only prerequisities for
our discussion are a general knowledge of mathematical functions with their
associated statistical regression analyses. Our discussions below illustrate
how this knowledge can be used very flexibly in numerous practical geographical
research situations.
(ii) Spatial Interaction Patterns
Let us consider the sort of basic data we will be dealing with.
Figure 1 shows migration 'paths' for one year in the Asby district of Sweden.
The map has been constructed by joining the initial home of each migrant
(the origin) with his new home (the destination). The result is a criss-cross
pattern of lines over the map. This reflects the individual migrants making
their own separate decisions. It is certainly very difficult to see any
'pattern' in this data. In contrast consider Figure 2. In this case we are
dealing with a much larger scale showing migrants to London as recorded in
the 1971 census for English counties. This map does seem to exhibit a certain
pattern. Clearly, in general at least, more migrants to London have originated
in the counties around London than in counties further away. We might suggest
that there is some evidence in Figure 2 for a decay effect on migration numbers
away from the destination. This decay effect has been normally interpreted as
reflecting a migration field - the area about some destination from which
migrants are drawn. Figure 2 is a cartographic portrayal of London's migration
field among English counties and thus illustrates a very general pattern. In
fact we could have literally taken any town or city in the world for which
such data is available and produced a similar migration field map showing a
distance decay effect. Thus whereas Figure 1 seems to typify uniqueness,
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Fig. 2 Migrants to London, 1966-71
Fig. 1 Local Migrants in Asby, Sweden
Figure 2 seems to represent generality. Let us investigate these apparently
important- differences.
The debate between uniqueness and generality has been an important one in
geography. If we adopt a strictly uniqueness standpoint (i.e. all migration
decisions are different from one another) then any theoretical geography is
not possible and there can be no 'science' of geography. Rejection of the
uniqueness doctrine has opened up geography to the world of models and theories thus ushering in the 'new geography'. Has Figure 1 no place in this new
geography? What are the basic differences between Figures 1 and 2? The most
obvious difference is the change in geographical scale. However this hides
the more fundamental difference in terms of 'statistical scale' or aggregation.
Figure 1 deals with individual migrants while Figure 2 portrays large numbers
of migrants considered together i.e. all the migrants from one county, to
London. It is when we aggregate migrants into groups that apparent common
tendencies begin to arise. We shall see in the subsequent discussion that a
simple aggregation of the data in Figure 1 yields results which produce findings closely related to the traditional concept of a migration field. Thus
4

a distance decay effect is operating in Figure 1, just as in Figure 2, although
it is obscured by the disaggregated level of the data. This is not to deny the
'individuality' of our migrants. We accept that they do indeed each make their
own separate decisions. However each of these decisions is made within a framework of constraints. For many migrants a major aspect of these constraints is
represented simply by distance. Quite simply,however much our philosophy may
like to emphasise the free will of the individual, in practice migrants are
not 'free' to live anywhere in the world. Their cultural preferences and their
economic condition typically results in specific migration fields. We can begin to understand the working of these constraints by measuring the distance
decay effect exhibited in aggregate migration flows.
The discussion above has been wholly related to one type of spatial interactionmigration. However what we have said equally applies to other interactions.
Thus the migration field is merely a special type of the more general concept
of a functional region. All functional regions are defined by flows which
typically incorporate a distance decay effect. Commuter zones based on journey
to work, shopping trade areas based on journeys to shop and port hinterlands
based on transfer of imported goods are all other familiar examples of functional regions, studied by geographers and which will typically involve dis5

tance decay effects. Thus this effect has come to play an important role in
very many models in geography. In fact it is not overstating the case to
suggest that the relationship between interaction and distance is one of the
most fundamental relationships in theoretical geography.
(iii) Mechanisms Behind Distance
Before we begin our discussion of how to model the distance decay effect we
need to inquire as to the role that distance plays in the processes that produce the decay effect. Distance has long been used as an independent variable
by social scientists other than geographers. Economists have employed distance as it relates to transport costs in their economic location theories.
Sociologists have employed distance as a general determinant of friendship
patterns and other social relations. In certain situations political scientists have even used distance as a variable to help explain voting patterns!
However despite this widespread application, it must be conceded at once that
distance is not a 'dynamic' process variable but remains a simple structural
characteristic of any situation. Nonetheless, as a structural element it
directly influences many of the dynamic processes. It is, in short, a very
general surrogate which has the basic advantage that it can be easily measured
and incorporated into our analyses. What are the processes at work which result in this very useful surrogate variable?
We can begin to answer this question by looking at what is probably the most
unlikely type of interaction to be affected by distance. It has been shown
through analysis of marriage records that the distances between the homes of
the bride and groom typically show a definite decay pattern - there are many
short 'marriage distances' but far fewer longer 'marriage distances'. Why
on earth should distance affect our choice of mate? This is in fact a classic
example of contraints operating in what our society designates as an area of
free-will decision making. Thus there are several reasons that can be postulated which make it more likely that we choose a partner from near our home
rather than from further distances away. The first is simply the probability
of unintentional contacts. A person's activities take place around his home
base which is the beginning and end of his day to day movements. Thus two
people living near one another are more likely to meet unintentionally during
their daily activities than two people living far apart. One of these chance
meetings may of course be the first step on the road to marriage. However these
are not the only ways in which couples first meet. Many more intentional meetings occur at entertainment centres for young people such as cinemas, dances
and discotechques. Since each such centre draws its customers from its surrounding area, contacts made at such places are likely to be local rather than
distant and so ultimately this favours short marriage distances. This begs a
further question - why do these entertainment centres draw customers from just
a local area? Clearly travel time and costs may often be important in this
context. With two equivalent entertainment centres it seems reasonable that
young people should patronise the one nearest to their home. There will normally need to be some special reason for them to travel further than necessary
and thus waste both time and money. Hence entertainment centres have 'functional regions' about them just like shopping centres.
The movements referred to above are about the home base. When this home base
is itself changed we talk of migration. In our example (Figure 2) of a migration field, migrants moved from all over England although most came from near
London. All but the shortest migrations involve a change in job. Potential
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migrants are more likely to know of vacant homes and jobs near their original
home base than further away. Therefore his knowledge of opportunities is greatly biased in terms of local vacancies and hence there is a disposition to more
short rather than long distances. In the case of intra-urban migrations the
above argument holds for housing vacancies although most of such moves do
not include a change of job. However at this scale other factors are often
at work which also favour very short distance moves. Cities are divided up
into residential areas in terms of social class, cultural groups and race.
Very many potential migrants do not wish to move out of their own familiar
social environment. Hence many moves are restricted to their own residential
area and are thus over very short distances. This argument also applies to
marriage distances where social, cultural and racial ties have a similar strong
influence on the decision being made.
Thus here we have several reasons why we should expect distance to affect
social types of spatial interaction. In the case of economic spatial interaction - flows of goods - it is usually hypothesized that it is the cost factor that leads to shorter distances being favoured over larger distances.
Obviously a factory owner will try and obtain his raw material as cheaply as
possible and this will often be from the nearest source with its lower transport costs. Similarly the factory owner will usually supply his finished
articles to wholesalers and retailers from the factory nearest the outlet to
avoid unnecessary transport costs.
All the mechanisms and, processes we have considered are reflections of, and
are reflected in, communications. These can be directly measured using telephone data. Such data will include phone calls concerning social contacts as
well as business calls arranging economic interactions. The combined result
for any single telephone exchange is a communication functional region. It is
the communication aspect of spatial interactions that may be reflected in
social and political attitudes. Dodd (1951) has very explicitly illustrated
this point in the context of racial intolerance. In this study 171 white
people were interviewed in Seattle in 1948 a few weeks after a white woman
had been raped in her home by a black person. The resulting racial tension,
as measured by the average number of anti-black comments, has a definite
spatial bias (Figure 3). It seems that local communications had led to variations in racial attitudes that can be displayed through distance zones about
the site of the crime. A follow-up survey one year later shows the temporary
nature of this particular pattern of racial tension (Figure 3). Thus once
again we have a situation where distance is an indirect but clear determinant,
this time on attitudes rather than the interactions themselves.
We conclude that there are several reasons why spatial interaction, and reflections of this interaction, should be related to distance. Not all of these
mechanisms need be at work at the same time and indeed we might expect some
types of processes to be dominant in the case of specific interactions flows of goods and transport costs being the obvious example. Why, then, do
we not use measurements of these mechanisms as our independent variables in
spatial interaction studies? Quite simply distance is widely available from
maps and is easily measured from this source. This seems to have been sufficient reason for distance to be widely used as an independent variable in
spatial interaction research. Two basic types of models have been used to
accommodate distance in this role and we devote a section to each of them.

7

Most modern interest on the social gravity model has stemmed from two independent sources - George K. Zipf's 'Principle of Least Effort' (Zipf, 1949)
and John Q. Stewart's most explicit 'social physics'. The former researcher

was hypothesized as the mechanism at work in balancing the forces of diversification and unification within a country. Quite simply the larger the cities
the larger the flow between them, while conversely the larger the distance
separating them, the smaller the flow ('the principle of least effort').
Zipf's approach to testing these ideas has been only rarely employed and so
we concentrate on Stewart's work in this discussion.
The most explicit drawing of the social physics analogy is found in the work
of the Princeton astronomer Stewart. His initial interest was stimulated by
his observation that students at Princeton came mainly from the local region
with progressively less as distances from Princeton increased (Stewart, 1941).
This led him to propose that by replacing the physicist's 'masses' by demographic masses - i.e. populations - we can derive demographic laws of gravity

Fig. 3 Spatial Bias in a Racial 'Wave'

II ELEMENTARY SOCIAL PHYSICS FORMULATIONS
(i)

The Gravity Model Analogy

It is perhaps inevitable that relatively undeveloped sciences, such as the
social sciences, should cast envious eyes upon the more spectacular achievements of the physical sciences. This sometimes leads to ambitious attempts
to emulate physical studies by using analogies. Probably the most famous of
these physics-social science analogies has been the attempt to develop a
social physics by application of Newton's laws of gravity to spatial interactions. Such attempts have a long history going back into the last century.
Thus Ravenstein's celebrated 'first law of migration' that most migrants only
travel short distances is often quoted as an early social physics study.
However the American social scientist H.C. Carey had been much more explicit
even earlier when he referred to the 'great law of molecular gravitation' for
man. In a more practical context the transport engineer, Dionysius Lardner,
was writing of a 'principle of high generality' that most train passengers
only travel short distances. Such a simple finding was of obvious direct relevance in an age of railway building and speculation. Many years later, in the
1920s and 30s, three American researchers independently 'rediscovered' the gravity model for describing movements of farm population (Young), shopping travel (Reilly), and marriage distances (Bossard). Thus there has been quite an
impressive parade of scientific discovery of the distance decay effect which
ante-dates the more well known social physics of recent years (Carruthers,
1956).
8

where k is a constant to be calibrated. Similarly gravitation energy and demographic energy are given by
(3)
and
(4)
respectively. (Notice that demographic energy is equivalent to Zipf's hypothesis.) In physics the total energy at a point relative to all other points
in a set is known at gravitational potential so that
(5)

where we sum over all j points. Total demographic energy therefore leads to
population potential
(6)
9

which has been commonly used as an aggregate measure of relative position in
economic geography. However here we will concentrate on the two concepts of
demographic force and energy. Notice that they only differ with respect to
the exponent used for the distance variable.
Thus we can generalise to the single equation

Thus we produce

(7)
so that when b = 1, X is demographic energy and when b = 2, X is demographic
force.
Thus we have two theoretical concepts relating pairs of settlements. What
use are they? In the original studies it was suggested that the force and
energy between two settlements would influence the amount of interaction
between them. Thus Stewart (1947) postulates that the number of students from an
area attending a university is related to the 'energy' between the university
and the student's home area. However most subsequent researchers have not
found it necessary to restrict themselves to the theoretical concepts derived
from the analogy. In this situation we argue that b = 1 and b = 2 in our
general equation are simply two special cases among an infinite number of
possible values that b can take. When viewed in this light we soon begin to
ask the question - what b value is most appropriate for any particular set
of data? The solutions to this problem have used regression analysis.

required is that each variable is logged before entering our multiple regression analysis. When this is done for the data in Table 1 the following
equation results:

We can easily transform this linear equation into a gravity model type format
by anti-logging to produce

(ii) The Linear Regression Model with Three Independent Variables
For a regression analysis we need to deal with several pairs of settlements
for which we have locations, populations and some measures of interactions or
flows between the settlements. We shall use the artificial data in Table 1
which gives migration from 2 villages to 3 country towns. Let us consider
how we can use this data and our 'general' gravity equation in a regression
analysis.

Table 1 Some Hypothetical Data for Gravity Modelling

This equation defines neither demographic energy nor force but represents a
best fit description of the interaction flows between the settlements in terms
of their populations and the distances between them.
This form of gravity model has been used in a study of journey to work among
local authority areas on Merseyside (Rahmatullah and O'Sullivan, 1968).
In this case it was found that

jobs in area j. This modification of the 'mass' variables into populations
directly relevant to the interaction under consideration is a very common
strategy in gravity modelling.
(iii) The Linear Regression Model with Two Independent Variables
Sometimes it has been considered unnecessary to allocate separate exponents
to the two population variables. Instead they can be considered one variable

In our general equation we have written down no exponents for the two popuin our subsequent regression analysis we make no assumptions about constants
so that we need to generalise further and allocate exponents to our populations.
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which represents the gravity model

(14)

This equation simply has the logarithm of relative interaction as a linear
function of the logarithm of distance. The equation can be calibrated by first
generating the dependent variable by dividing the product of the populations
into the interactions. This dependent variable and the independent variable,
distance, can then both be logged and a simple bi-variate regression analysis
applied. In the case of the data in Table 1 we produce the following equation

where a = log k. This model can be fitted simply by multiplying together
populations and logging the product, and then logging the interactions and
distances before fitting a multiple regression equation. When we do this for
the data in Table 1 we produce
(15)
Notice that our constants are different from the previous case with three
independent variables. This is simply because of the fact that we are fitting
a slightly different form of model. However "notice that the constant for distance is only very slightly different. This reflects the fact that we have
not appreciably changed the role of distance in the model.

(20)

This type of equation was used in the Chicago Area Transportation Study
(Carroll and Bevis, 1957). In this case traffic flows between pairs of zones
in the metropolitan area were related to the product of the number of trips
generated by the two zones as a proportion of all trips recorded in the study's
origin and destination survey. From the data the following equation was calibra ted
(21)

This type of gravity model has been employed in a study of 116 migration
streams between selected major cities in the U.S.A. (Galle and Taueber, 1966).
In this case the model was calibrated as

that the populations have been defined in terms of 'migrant-populations' which
incorporate such features as the 'attractiveness' of a city as well as simply
total population size.
(iv) The Linear Regression Model with One Independent Variable

We have now presented three linear equations for fitting the gravity model
and, as we have seen, all three have been employed in geographical or related
research. However notice that as we have reduced the number of independent
variables in our models, the number of constants fitted has automatically declined so that the models progressively become less general. In fact our final
bi-variate model can be easily shown to be the equivalent of the original
generalisation of Stewart's gravity model analogy presented above (equation 7).
In both cases we have just two constants a = log k and b:

In the previous models absolute levels of interaction have been related to
populations and distances. An alternative approach is to use relative levels
of interaction as the dependent variable by dividing through by the populations.
Thus the original general gravity model

(7 )

(17)

(19)

becomes
(18)

Thus in effect our bi-variate model assumes
gravity model we considered (equation 8):

(8 )

When we log the equation we produce a simple bi-variate linear function
(19)

12

in the most general

Why should researchers bother to make this assumption when the more general
regression models can be just as easily fitted? The answer seems to be
13

two-fold. In much research the main interest in the modelling procedure has
been in ascertaining the exponent for distance. This exponent can be directly
interpreted as a measure of the rate of decline in (log) interaction with increasing (log) distance. It is generally referred to as the distance decay
ex onent. The other two exponents relating to the populations are generally
cons, ered to be much less interesting - it is just a matter of 'common sense'
(or probability theory - Isard (1960)) that the amount of interaction between
two places increases with their respective sizes. Finally the bi-variate
model has the advantage of being easily presented graphically by plotting the
relative interaction against distance on double-log graph paper and with the
model illustrated by means of a straight line through the data points. This
is shown for the data derived from Table 1 in Figure 4. With the model in
this form the distance decay is directly represented as the gradient or slope
of the line. Thus comparisons can be easily illustrated for different types
of interaction. For instance in the Chicago study a graph comparing school,
shop, work and recreation trips is shown with the slopes of the regression
lines occurring in that order. This reflects neighbourhood school and shopping
trips as against more metropolitan-wide work and recreation trips. We discuss
applications of these equations a little more fully in the final section of
this monograph. However work on such distance decay comparisons has often been
carried out outside a strict gravity model formulation and we turn to this
alternative modelling tradition next.

III DISTRIBUTIONS OF INTERACTION DISTANCES
(i) Real and Abstracted Interaction Fields
Interaction distance distributions are frequency distributions of distances
over which a sample of interactions have taken place. Thus a typical example
would be the number of migrants moving between 0 and 4.9 miles; the number
between 5 and 9.9 miles; the number between 10 and 14.9 miles and so on. Such
distributions can be constructed from either real or abstract interaction
fields.
The date portrayed in Figure 2 presents little or no problems in constructing
a distance distribution table. Thus we can measure the distance from London
to each county on the map and allocate the observed number of migrants to the
appropriate distance class. In this case we have a single specified centre,
London, with a gradually declining set of interactions around it. We shall
term this a real interaction field. The only problems that may occur in this
case are due to the initial data aggregation and the resulting imprecision in
allocating interaction to distance classes in 'bundles' rather than individually. This problem is overcome where we collect our own data on real interaction fields rather than relying on archival sources. For instance Claeson
(1964) has collected data on the home locations of people visiting cinemas
in various Swedish towns. The home-cinema distances were measured from this
data and allocated to distance classed to form an accurate frequency distribution of these interaction distances.
In the original example of interaction we considered in Figure 1, the individual interactions are located all over the study area with no visible order.
This situation seems a far cry from the real interaction fields dealt with
above. In practice, however, it has been found relatively easy to convert maps
such as in Figure 1 to neat orderly tables of interaction distances. All that
is required is that we think in terms of abstraction of the data. This requires
that we just remove from the map that information with which we are interested,
ignoring the remainder. In Figure 1 the feature that is confusing the situation
is the fact that the lines begin and end all over the map. This should not
worry us here since we are not concerned with the relative positions of the
interactions but just their individual spatial dimensions. This fact allows
us to find order in the map through abstracting distances and directions from
the pattern. We include directions here simply to keep a record of the individual vectors since we may later wish to consider direction biases in interaction patterns.
Once we have abstracted the vectors from the map we can re-arrange them so
that they form a pattern not unlike the real interaction field. Every vector
is given the same central origin, and then drawn from this perspective. We
shall term such a diagram an abstract centred interaction field. With our data
in this form we can see that we can produce an interaction distance table in
exactly the same way as for the real interaction field.

Fig. 4 A Bi-variate Function for the Data in Table 1
14

Figure 5 illustrates this procedure. Figure 5(a) shows four flow lines that
are 'centred' in Figure 5(b). The respective distances are 0.4, 1.1, 2.6 and
3.1 kilometres. These are allocated to the frequency table for distance classes
in Table 2. A similar interaction frequency table can be produced however
complicated the original line map. Figure 6 shows the centred interaction
field for the Asby data from Figure 1 as a series of dots representing the
15

(a)

1
km

Fig. 6

The Abstract Centred Migration Field for Asby, Sweden

into relative measures related to the spatial context. How we achieve this
end depends primarily on the amount of information we have about the spatial
structure and upon the form that our interaction frequencies take. These considerations have led to several approaches to producing relative measures of
interaction levels. Let us begin with a simple example which will illustrate
the need for this manipulation of the data.

Fig. 5 Constructing an Abstract Centred Interaction Field
destinations and their distances to the origin are tabulated in Table 3. These
interaction frequency tables constitute the first stage in the data preparation for modelling a distance distribution.
Why can't we use these crude frequency figures as our measures of interaction
levels? In effect what we have produced are absolute frequencies which take
no account of the spatial structure in which the interactions take place. In
other contexts the influence of this spatial structure may be of interest
although in distance decay research it is typically regarded as a disturbing
influence to be 'accounted for' or held constant while we examine the interaction: distance relationship. Thus we need to convert our absolute frequencies
16

Consider the third column in Table 2 produced from the four individual flows
in Figure 5(a). Let us assume that a larger sample is taken but that the same
frequency pattern emerges so that with four hundred distances measured we have
a frequency of 100 moves in each of the four distance classes. At first such
a set of data might be considered to show no influence of distance. However
such a conclusion would be premature. Let us make some assumptions concerning
this example. First of all we will assume that the movements are those of
migrants. Secondly we assume an isotropic plane so that opportunities for
migrants are evenly spread over the land. Thirdly let us assume that distance
has no influence on the migrant's choice of destination. This leads to the
proposition that the probability of a migrant moving a specific distance class
interval is equal to the area of a circular band defining that class interval
around the abstract or real centre. This area can be easily found by subtracting the area of an inner circle defined by the lower end of the class
interval from the area of an outer circle defined by the higher end of the
17

has, in fact, been commonly used where we have no information on the spatial
structure. Given this lack of knowledge it seems a reasonable assumption that
'opportunities' will increase with distance and so interaction frequencies
have been standardized accordingly. We may assume errors resulting from this
assumption are not important in rural areas with a largely even distribution
of population. This seems to have been the case in the original work in this
field carried out by Hagerstrand (1968) on local migrants in central Sweden.
The final column in Table 3 shows the interaction intensities for the Asby
data. It is these relative figures which exhibit the distance decay effect
which we will subsequently measure.

Table 2 Hypothetical Interaction:distance data from Figure 5

Table 3 Migration_Distances for Asby
Distance Band (Km)
0.0
0.5
1.5
2.5
3.5
4.5
5.5
6.5
7.5
8.5
9.5
10.5
11.5
12.5
13.5
14.5

In our hypothetical example this produces:

(24)

These probabilities for movements can now be compared with the actual interspatial structure and we can term them measures of interaction intensity.
In the hypothetical example the absolute proportions are constant at one
quarter while our probability model reflects the two dimensional nature of our
space by predicting more interaction as distance increases. In terms of interaction intensity therefore interaction declines quite rapidly with distance.
Thus we can interpret our original data as displaying no distance effects due
to the disturbing influencefto e spatial structure. With this influence

The assumption of the isotropic plane may seem rather unrealistic although it
18

Migrant
Units

Units per
Square Km

9
45
45
26
28
25
20
23
18
10
17
7
11
6
2
5

11.39
7.17
3.58
1.38
1.11
0.80
0.53
0.52
0.36
0.18
0.27
0.10
0.15
0.07
0.02
0.05

- 0.5
- 1.5
- 2.5
- 3.5
- 4.5
- 5.5
- 6.5
- 7.5
- 8.5
- 9.5
-10.5
-11.5
-12.5
-13.5
-14.5
-15.5

Where we have a real interaction field such as the London migration example
(Figure 2) standardization is a relatively straightforward matter. Figure 2
suggests a gradual decline in level of migration out from London although
some specific exceptions do exist. In the north of England some counties sent
large numbers of migrants to London because their large population size inevitably leads to their having large numbers of potential migrants. This is
particularly the case for Lancashire and the West Riding of Yorkshire. Similarly all the circles on Figure 2 will be influenced by the population size of
the county producing the flow. We can allow for this factor by recomputing our
migration flows as migrations per standard population size. On Figure 7 the
migration field has been redrawn in terms of migration per thousand population.
This results in the importance of Lancashire disappearing and the local counties around London become pre-eminent. The effect of distance is now more
clearly illustrated with the disturbing influence of population size allowed
for.
The use of standardized 'rates' of interaction and interaction intensity are
two methods of defining a relative level of interaction to enable us to utilize
a simple bi-variate function: As such we have reached the same stage as at
the end of the last section when we defined a bi-variate version of the gravity model. In that case, by arguing from analogy we specified a particular
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Faced with non-linear data a researcher can employ one of three simple strategies - he can break up his data into parts and fit several straight lines,
he can fit a smooth polynomial curve or he can transform his data to make it
linear. Let us briefly consider each in turn.
The simplest approach is to fit several straight lines to separate parts of
the data. Figure 8 (a) shows how distance-interaction data might be treated
in this way. Thus we have one function that applies from zero distance to
some threshold and another function that applies from this threshold onwards.
This approach may be criticised since it is cumbersome to work with several
equations - it is clearly not the most succinct description of the data.
Nonetheless if a clear threshold is apparent in the data then this would seem
to be the most preferable method to employ. This approach infers separate
processes operating over different ranges which require separate modelling.
However this inference may be misleading where there is no obvious 'break' in
patterns and the data portrays a 'smooth' curve. In this case there would
seem to be a single process which requires a single non-linear expression.
The simple linear function we fit to any straight line data can be interpreted
as the first of a whole family of curves. These 'polynomials' are identified
by the number of turning points they incorporate. The linear equation has no
turning points whereas the 'second order polynomial' (the quadratic function)
has one turning point. Applied to our distance-interaction data this type of
function has the form
(26)
which is illustrated in Figure 8(b). Notice that the turning point eventually
leads to a situation where interaction increases with distance so that, in
order to be used in the present context,we need to truncate it at its turning
point. However this approach does involve other problems. When fitting such
a curve to interaction data the curve will often fall below the y axis so
that 'negative' interaction intensity results. Thus the equation for the Asby
data is
(27)

Fig. 7 Migration Rates to London, 1966-71
type of function logging both variables. In the present case we need only
specify the general function
(25)
which simply reads that interaction intensity to or from j to the centre is
a function of the distance to the centre. A gravity type function is simply
one of several interpretations of this general model.
(ii) Calibrating a Distance Decay Function
If the distance-interaction intensity data from Table 3 is plotted on graph
paper a definite non-linear pattern emerges. An extreme concave upwards
pattern is typical of much interaction data (Taylor, 1971a). Thus a simple
fitting of a linear regression line is not usually appropriate so that we need
to consider other approaches to the description of the data.

which predicts an interaction intensity level of - 1.08 at 10 kilometres.
Furthermore the interpretation of the additional c constant is not apparent
in this migration context. Hence we can conclude that this second approach to
fitting distance-interaction data is generally not appropriate.
The final approach is to transform the data so that it has a linear pattern.
We then fit a simple linear regression line to the transformed data. This
function will then give a smooth curve when transformed back into the original
data. The problem is, of course, to choose the appropriate transformation.
Both variables may be transformed and we consider the various alternatives
for the independent variable distance below. However let us begin by considering the dependent variable, interaction intensity. From our previous discussion
we can conclude that we do not want to 'allow' any negative values for interaction intensity. We can achieve this end simply by using the logarithm of
the variable, which, by definition, can never be less than zero. Thus in all
the functions that follow we will employ log I as the dependent variable.
Having chosen our transformed dependent variable and assuming we also have

20

21

(iii) Distance Transformations
We have so far decided that we are going to employ functions of the form
(28)
where f(d) is some transformation of distance. The French geneticist J.M.
Goux (1962) has proposed a useful typology of such functions. He treats these
functions as a family of exponential curves of the form
(29)
where e is the exponential constant (= 2.7183). We can transform distance by
using various exponents, m. With m = 1 we actually leave distance untransformed so that a simple exponential model is produced
(30)
which has a linear form
log I = a - bd

(where a = logk)

(31)

if we use natural logs (since log e = 1). Alternatively we can transform
distance by squaring (m = 2) so that
(32)
which has a linear form
(33)
and can be shown to be a form of normal model. However geneticists have
favoured decay curves that use the square root of distance (i.e. m = 0.5)
(34)
which has a linear form
(35)
and is termed the square root exponential model (Bateman 1947).

Fig. 8 Three Approaches to Fitting Interaction-Distance Data
adequately transformed distance we should produce a simple function such as
that portrayed in Figure 8(c). The advantages of this approach are twofold.
First we have a single function over all the range that does not need truncating and secondly the function itself is easily interpreted - the slope of
the line is a distance decay gradient in terms of the transformed variables.
Let us consider some examples of these types of functions.

The above models can be termed 'single-log models' since a logarithmic transformation is only employed once (Taylor 1971a). Geographers have typically
employed 'double-log models' where distance is also logged. In its simplest
form this produces the most common function, the Pareto model
(36)
which has the linear form
tog I = a - b log d
This is the equivalent of the bi-variate gravity model described above
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(37)

(equation 19). Finally we should note that exponents can be added to the
logarithm of distance. One example of this is a form of log-normal model
where the transformed distance is the square of its logarithm
(38)
which has the linear form

(iv) Choosing a Function
Figure 10 shows the five functions of the Goux typology fitted to the Asby
data. In each case the y axis is calibrated in terms of the logarithms of
interaction intensity and the x axis in terms of the particular transformation
of distance under consideration. The regression lines that are fitted are
as follows:

(39)
(In this case m = 2 compared to the Pareto model's m = 1).
We have now presented five different distance decay functions which have been
employed in spatial interaction research. They are brought together in a diagrammatic representation of Goux's typology in Figure 9. In each case we fit
the function by transforming the data first and then fitting a linear regression line to the transformed data. However so far we have not mentioned
the basic reason for the transformation - the resulting linearity. How well

Fig. 9 The Goux Typology of Distance Decay Functions
our transformation has performed in making our data linear obviously controls
the utility of the function. Furthermore, it is the basic criteria for choosing between functions in any single empirical application.
Fig.10 Fitting Five Functions to the Asby Data
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All five models can be seen to give reasonable fits although some fits are
clearly better than others. The simplest way to assess the validity of a regression model is in terms of its standard error of estimate. This is simply
the standard deviation of the residuals about the regression line. The standard errors for the models fitted to the Asby data in Figure 10 are as follows
1. Square Rt. Exp. Model . 0.36
2. Exponential Model . . . 0.49
3. Log-Normal Model

. . . 0.49

4. Pareto Model . .. . . . 0.67
5.

Normal Model

.......

0.71

This quantitative assessment of the models enables us to rank them in terms
of goodness of fit and choose the Square Root Exponential Model as empirically
the best model in the case of the Asby data.
The standard error of estimate is an a re ate measure of the empirical validity of our models. In order to understan w at the distance transformations
are achieving it is useful to consider the pattern of the individual residuals. Consider the Pareto fit on Figure 10 fo
r
In this case the
first residual is negative, followed by a series of positive residuals with
finally some further negative residuals. This pattern of residuals suggests
that the transformations employed have not made the data linear but have produced a slightly 'concave-downwards' relationship . This feature of the Pareto
model is a very common phenomena in published distance decay curves (Taylor,
1971(a)). In a similar way the normal model tends to produce a 'concaveupwards' relationship rather than the linear pattern expected. Figure 11 is
a schematic diagram of all five models which illustrates the transforming
process as it seems to work for the Asby data and for several over data sets
that have been examined in this way (Taylor 1971(a)). In effect by logging
distance, the Pareto model over transforms the data past linearity to a concavedownwards relationship. The log-normal model reverses this trend. In contrast
the normal model under-transforms and in this case no transformation of distance (the exponential model) and the square root of distance progressively
make the data more linear.
This schematic diagram seems to be a reasonable guide to the use of distance
decay functions with interaction data of the local migration and marriage
distances type. However,it should not be considered as a general rule. For
instance, in a study of journey to work patterns to Newcastle upon Tyne
(Gleave, 1971) the lowest standard errors of estimate were found when using
the Pareto model. Clearly each set of distance-interaction data should be
treated empirically as suggested above before the final decision as to what
function to employ is made.
(v) Some Outstanding Problems

Fig. 11 A Schematic Diagram of Distance Transformations
has the effect of using 'relative' errors rather than 'absolute' errors.
Consider the logs (to base 10) 0, 1, 2, and 3. If an observation is 0 and the
model predicts 1 the error is just 1. Similarly the same error results with
an observation of 2 and prediction of 3. However when we anti-log the first
residual equals 9 and the other 900: Nonetheless fitting a least squares
line to logarithms results in these two residuals being treated equally. A
further implication of this situation is that the interaction levels for
longer distances need to be particularly accurate. An absolute change of 2
3 has a very different effect than when X = 300. In the first case
when X
log X changes from 1.099 to 1.609 whereas in the second case the change is
minimal - from 5.705. to 5.710. However, since the data is derived from raw
frequencies it is just these longer distance observations based on only a few
interactions that are the most unstable. In the Asby data, for instance, the
number of migrants observed travelling between 13.5 and 14.5 kilometres is
only two (Table 3). This problem is discussed in relation to the early distance
decay research of Ilke (1954) by Anderson (1955).

Before we leave our discussion of distance decay functions we should consider
some problems that arise from this approach. The disadvantages of the transformations stem from the basic fact that we have not calibrated equations in
terms of the variables in which we are ultimately interested but have used
some transformation of them. Thus the best fitting curves are defined in terms
of minimizing the squares of the logarithms of the dependent variable. This

A further problem relating to the use of relative errors in the curve fitting
is that this results in difficulties in actual testing of whether the model
is a good fit to the data using inferential statistics. Such testing can
usually be achieved by using one of several goodness of fit tests that are
available. The most popular is the Kolmogorov-Smirnov one sample test which
concentrates on the largest absolute deviation when the observed and predicted
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distributions are cumulated (Morrill and Pitts, 1964). The point that arises
in this context is whether it is a fair test of the model to assess it in
terms of absolute values when it has been calibrated to minimise squares of
logarithmic values. Not surprisingly when such tests have been carried out
the results have not indicated particularly close fits. Unfortunately no goodness of fit test exists for assessing relative errors. However in practice
the lack of rigorous statistical assessment at this stage of the analysis has
not seriously hampered applications of distance decay functions.
A final problem that we should mention here is the role of the spatial structure - the stage upon which the interactions take place - on the resulting
distance: interaction intensity data. Although we usually take into account
the probability of interaction taking place in terms of population or area in
defining our relative interaction levels, we do not directly consider the
relative position of the interaction within the system. Several researchers
have shown that this will have an effect on the resulting decay gradients
(Goux, 1962; Curry, 1972) although suggested solutions have varied widely
(Rushton, 1971; Taylor, 1971b; Johnston, T973). (here nas recently been some
further debate on this matter and reference should be made to Cliff et.al.
(1974,1975) Johnston (1975,1976) and Curry et.al. (1975).

IV CONCLUDING REMARKS
(1) Applications with Individual Equations
Despite the various problems described above, the fact remains that distance
decay function give very succinct descriptions of interaction patterns.
Furthermore the basic parameter of the functions, the regression coefficients,
are easily interpretable in terms of interaction. They are in fact the distance gradients - the amount of (logged) interaction intensity that falls with
one unit of (transformed) distance. It is thus a simple measure of the decline
of interaction with distance i.e. the distance decay. As such it is easily
interpreted when we revert back to the two dimensional map of an interaction
field (real or abstract). We can envisage replacing the x axis of graph paper
with a two dimensional base about the origin. If we now rotate the curve about
the origin our straight line on the graph describes a cone over the new two
dimensional base (Figure 12). In our data preparation before calibrating our
distance decay functions, we in effect 'wrapped up' our original two dimensional interaction field into a one dimensional set of data. Thus what we
have done in Figure 12 is to 'unwrap' the decay function to produce a new description of the original interaction field in terms of a cone. The advantage
over the earlier cartographic portrayal is an explicit description by a simple
mathematical formula. Huff and Jenks (1968) give a good discussion of 'unwrapped' decay functions and Morrill (1963) and Olsson (1967) have also
considered this unwrapping.
Application of this succinct description of an interaction field can be found
in an area of research which we may term 'comparative distance decay'. Torsten
Hagerstrand has pioneered this approach as part of his Swedish migration
studies (Hagerstrand, 1957). Part of this work involved comparing migration
fields by using the distance decay exponent in the Pareto model. It is best
illustrated in terms of changes in migration fields over time.
We are all familiar with the notion that the development of modern industrial
societies have led to a sort of 'spatial liberation' of man. The horizons of
28

Fig. 12 'Unwrapping' a Distance Decay Curve
modern man are far wider than those of his traditional predecessor. The whole
scale of society has changed and this should be reflected in larger interaction fields. Changes in decay gradients represent a specific measurement
of these fundamental changes in the condition of mankind. Let us consider the
phenomena of out-migration from selected Swedish settlements. This should be
a very good indicator of people's widening horizons. In the century between
1850 and 1950 we would expect these migration fields to have spread out from
local fields to cover much more of the area of Sweden. Figure 13 illustrates
trends in the value of the decay gradients for a number of Swedish settlements
over this time period. A clear pattern emerges with gradients becoming gentler
indicating widening interaction fields over time. This pattern is consistent
for all the settlements although differences remain between them. The three
settlements with the largest gradients are rural settlements, Kavlinge and
Askersund are small towns and Lund, which has the smallest gradients, is by
far the largest town. This pattern is consistent with our notions of modernization and spatial horizons since it is the towns, especially the large towns,
that are furthest removed from traditional societies.
Thus the very extensive field of Lund, especially of the middle class, contrasting with the restricted field of Lyrestad, complements the temporal pattern in monitoring the effects of distance on interaction in a changing society.
We can now consider exactly what these changing gradients mean. They are direct
measures of the pattern of interaction fields. Thus steep gradients represent
very restricted migration fields; gentle gradients represent much wider fields
29

acceptance in both real and simulated diffusion patterns. (Hagerstrand, 1968;
Gould, 1969).
However the most widespread use of the distance decay concept in modelling
has been in urban studies. The early land use-transportation studies explicitly involved linking different land uses with traffic generation. This required
prediction of sizes of flows between land use zones and gravity model concepts
were brought into play as the basic flow predictors in many of these studies.
Thus distance decay functions typically abound in these models - the Chicago
Area Transportation Study experimented with different decay gradients for
different trip purposes (Carroll and Bevis, 1957) and the Pittsburgh Area
Transportation Study used different decay exponents for different social groups
(Lowry, 1963). It has been in this area of modelling that major advances in
models incorporating the distance decay concept have occurred in recent years.
(iii) Recent Advances in Social Physics
In transportation studies the gravity model has usually employed trip origins
and trip destinations as the two 'masses' of the original analogy.
This model can be written

Fig. 13 Widening Horizons in Sweden, 1850-1950

where Oi is the number of trips leaving zone i and D• the number of trips
terminating at zone j. Let us assume two zones, a central area (C) with all
of the jobs (1000) and a periphery (P) with all of the workers' residences
(1000). We will further assume that the model has been calibrated so that
b = 2 and k = 1/250. The distance from C to P is 2 miles. Hence journeys to
work from P to C are

perhaps covering all of Sweden. Hence Figure 13 illustrates migration fields
ranging from essentially local patterns (pointed cones) to more nationwide
patterns (much flatter cones). In terms of the mechanisms behind distance described at the beginning of this monograph, we can hypothesize increasing
wider knowledge of opportunities leading to more migrants travelling longer
distances beyond the local area.
(ii) Applications within More General Models
It is very common for applications of the distance decay concept to be part
of a more general model. This is its role in most gravity model type applications. However once again Hagerstrand has been a pioneer in utilizing distance
decay functions within a broader model context. Thus in his well-known Monte
Carlo simulation model for the diffusion of innovations he employs distance
decay functions as surrogates for the contact pattern of farmers. This relates
to our original discussion of mechanisms behind distance where it was suggested
that migration distances tend to be smaller rather than larger because of the
pattern of local contacts. Hagerstrand turns this argument around to use migration patterns to represent the pattern of underlying contact, or as he
terms it, the 'mean information field'. Thus the distance decay function
plays a key role in the operation of this model since it incorporates the underlying process that generates the neighbourhood effect in patterns of innovation
30

The model is obviously working quite logically with work places and residences
completely separated between zones. However let us now assume some expansion
so that the jobs in C are doubled with the result that workers living in P
are also doubled. What happens to the flow from P to C? This should obviously
also double. However using our model above we now predict

The flow seems to have quadrupled! The reason for this is that there is a
basic flaw in this transportation model. The empirical data on flows occurs
in three places in the model as interaction, origins and destinations. It is
therefore necessary to ensure that these three elements maintain a consistent
relationship. This is exactly what we have failed to achieve above. Such a
gravity model can be considered an "unconstrained" version of little utility
31

in transportation modelling. Alan Wilson (1967) has shown that it can be replaced by a constrained model of the form

where K is replaced with two sets of constants A• and B.; linked to origins
and destinations respectively. These 'balancing factors" are calibrated to
ensure the predicted flows correspond to the number of origins and destinations
in each zone. The method of calibrating these new constants is described in
Masser (1972). However the main advance that Wilson's work has brought goes
beyond solving the simple practical problem posed above. From this beginning
he has been able to build a new approach to gravity modelling using an entropy
maximising approach to give the model a much more rigorous theoretical foundation. This approach is introduced by Gould (1972) and widely illustrated by
Wilson (1970). In terms of our original mechanisms behind distance, the decay
effect is developed as a result of setting a limit on the amount of money
spent on journey to work in any urban system. The gravity model has quite
literally been taken out of the world of a Newtonian mechanics analogy to the
sounder basis of the techniques from modern statistical mechanics.
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