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Notation (Major terms only).

1 INTRODUCTION

independent variable at time t
dependent variable to be forecast at time t or time i

(i) Motivation for forecasting

independent variable 1 at time t

Forecasting derives from a wish to foresee the future course of events.
As such, forecasting is something we all undertake all the time, from the level
of making an appointment in our diaries, listening to weather forecasts, or
the timetable of our lecture courses, to the level of choosing a holiday or
even a career. In each case we try to anticipate where we and others will
be at some future time. Such anticipation is based upon a range of assumptions. Depending upon the validity of these assumptions we will place a
considerable degree of confidence in our forecast or alternatively our
anticipation may be so uncertain that we place very little confidence in it.
Writing in our diaries an appointment or lecture timetable represents the
former; choosing a career, perhaps, represents the latter. Making a
forecast, then, involves the interplay of two sets of components: first,
the assumptions from which our forecast derives: these represent in some
sense a model of the way in which events occur; second, and deriving from
the form of our forecasting assumptions, the certainty or level of confidence
about our resulting anticipations: these represent forecasting confidence
intervals.

forecast variable at time t+k
estimate of forecast variable at time t
variance of Y variable
probability of variable Y occuring with a given value
errors in forecasting at times t or i
estimate of forecasting error at time t
Kalman gain matrix
covariance matrix between independent variables
information theoretic criterion
coefficients or parameters in model
coefficient for lag j related to independent variable i
weight used in exponential data weighting
difference operator
second order difference operator
seasonal difference operator
standard deviation of errors
standard deviation of forecast variable
mean
mean for season j
vector of parameters or coefficients at time t
the subscript for time
superscript used to denote estimate in all cases

The pre-requisities assumed in this monograph for understanding these
two components are an elementary understanding of regression analysis and
statistical hypothesis testing. Hence, this CATMOG should be read after an
elementary introductory statistics course (Ferguson, CATMOG 15, should also
be helpful).
In geographical forecasting two things should be made clear at the
outset. First, it is normal to distinguish geographical prediction from
geographical forecasting. Prediction is usually taken to mean the writing
of a single, one-off scenario for the future. Forecasting, on the other
hand, is usually reserved as a term to denote anticipations of the future
which are held with less confidence, are based on an explicit model, and
are accepted as largely a statistical exercise undertaken on a series of
occasions. The recurrent nature of forecasting is important since this
leads us, in assessing the accuracy of predictions, to evaluate not the
single event, but the sum of events: hence to assess the sum of the forecasting errors, and the variance of the forecasting errors.
A second feature of geographical forecasting especially distinguishes it
from other disciplines. This is the degree to which spatial components enter
into predictions. Whereas the economist frequently uses one variable or
event as an indicator to anticipate a change in another variable or events,
the geographer often applies his knowledge of events in one region to anticipate what will happen in another region. The economist's model of forecasting is usually termed that of using a leading indicator. The geographer,
in addition to constructing forecasts based on leading indicators, is
frequently concerned with determining which are leading regions.
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(iv) Statistical vs. other forecasting methods

(ii) Forecasts and Planning
Forecasting is seldom a purely academic exercise. In fact is is usually
undertaken with a particular policy or business goal in mind. Knowledge of
the future course of events confers value, power, and in some cases, survival.
A prediction of what will happen naturally elicits the question of what
should we do? Hence forecasting is naturally linked with questions of public
policy and control. Forecasting highlights problem areas and exposes the
need for a policy response, it suggests the ranges and limitations of actions,
and it gives aid in the formulation and achievement of social and economic
goals. In particular it allows the simulation of policy alternatives. Thus
for many writers, forecasting is a major element in the monitoring and
planning process (see for example, Bennett and Chorley, 1978, chapter 6).

Many discussions of forecasting involve an assessment of the relative
merits of statistical as opposed to more intuitive survey and judgemental
methods. To some extent this amounts to assessing how far forecasting is
an art or a science. The methods (c) and (d) are usually simpler and more
easily understood, whereas statistical forecasting using methods (a) and (b)
is usually felt to be more abstract and complex, it lends a false sense of
certainty, and it generates remoteness of the forecaster from the assumpHowever, against these disadvantages, statistical methods
tions involved.
do possess an important number of advantages which suggest that, where
possible, they should be used. Five of the most important of these
advantages can be summarised as follows:
(a) All forecasts involve assumptions, and statistical forecasts lay
bare the assumptions required more clearly than intuitive methods
for which it is often not at all clear precisely what assumptions
are involved.
(b) Statistical models identified and fitted to the past behaviour
of events provide important information of system behaviour and
to ignore this information would be foolhardy.
(c) It is known that statistical models, and hence the forecasts
derived from them, are approximations to system behaviour of the
previous sample period. With more intuitive methods, because they
are in a very real sense arbitrary, it is not possible even to
know if they are correct over the previous period.
(d) Following from previous property, statistical forecasts allow the
calculation of forecasting confidence intervals. These permit the
range and probability of outcomes to be assessed. More intuitive
methods allow, at best, comparisons between ranked alternatives
deriving from different expert opinions or surveys and there is
no clear way in which to rank these alternatives on a scale of
confidence.
(e) Statistical models can be easily automated, readily updated, can
take account of a large number of factors, and can incorporate
complex models of system structure. In particular such models can
often allow the treatment of what has been sometimes termed
'counter-intuitive' behaviour; that is, behaviour which would not
be predictable on intuitive grounds because of the complexity of
system interrelationships.

(iii) Methods of forecasting
Forecasting can be undertaken in a great variety of ways ranging from
pure intuition to the 1,000-equation mathematical models favoured by some
econometricians. Over this range, four main categories can be distinguished.
(a) Behavioural or causal forecasting, in which the mechanisms are
sought which cause changes in the behaviour of events. Good
understanding of models, of behavioural relationships allows good
forecasts of changes. Hence the forecasts are as good as the
models, but the major aim is to obtain forecasts which can be
explained.
(b) Curve fitting and extrapolation, in which various forms of curve
fitting are used e.g. linear, polynomial, Fourier and other
mathematical functions. In each case the pattern of variation of
relevant variables is examined and a mathematical function is
fitted to the systematic component of that variation. Hence the
aim of these forecasts is a good mathematical fit.
(c) Survey methods. In socio-economic systems where the course of
events is determined by the actions of people, an obvious way of
finding out what changes are likely to occur is to ask the people
concerned. Good examples of such forecasts are consumer survey
and opinion polls. More refined methods are used in government
forecasting of the economy with consultations with employers and
unions.
(d) Judgemental methods. Where survey methods cannot be adopted, or in
systems where the interactions of large numbers of individuals
make forecasting based on surveys very difficult, judgemental
methods provide an alternative. These methods assemble the
subjective assessments of groups of experts, the Delphi method
being a common example. This method is particularly powerful in
that it allows the incorporation of subjective elements which can
never be included in mathematical models.
Each of these methods is interrelated, and rarely will a forecasting study
involve only one technique. In this guide we shall be mainly concerned with
statistical forecasting using behavioural and extrapolative models of
categories (a) and (b) above.
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(v)

Statistical forecasting vs. statistical estimation

It is highly desirable that a model used for forecasting is one which
also incorporates understood behavioural relationships. But in many
circumstances it may be sufficient to have merely a good forecasting
equation. In this latter case, many of the criteria which assume such
importance in statistical inference become unimportant (see Ferguson,
CATMOG 15). In particular it is useful to note that three major assumptions
of least squares are of little importance in forecasting, unless statistical
inference is also required. -First, multicollinearity in regression analysis
with a high degree of correlation between the independent variables leads to
unstable and uncertain estimates of the regression coefficients (see Ferguson,
CATMOG 15, p.28). However, multicollinear models are good forecasting
devices, and are usually better (in terms of the error variance of the
forecasts) than models in which the multicollinearity has been removed, or
5

the number of independent variables reduced. A second major problem in
regression analysis is autocorrelation of errors. For large samples the
regression coefficients have large variance, whilst for small samples they
become very unstable. If the autocorrelation pattern is controlled by
moving-average terms, then the estimates of the coefficients will also be
biased. For forecasting alone, the most important effect of autocorrelation
of errors in biasing estimates of the t and F statistics is not important,
and indeed many forecasting models with autocorrelated residuals should have
lower error variance. However, forecasting confidence intervals can no
longer be reliably constructed. Apart from the effects of residual autocorrelation, other factors may also lead to biased estimates of the
regression coefficients. Most important are errors in measurement of the
independent variables, specification errors, correlation between the
independent variables and the residuals, non-normal residuals, and nonlinearity. However, for forecasting, most of the causes of bias have no
effect on forecasting accuracy, and biased models usually provide better
forecasts.

The constant mean model. This is an extrapolative model falling into
the second category of model given in section I (iii). Forecasting with any
statistical model requires five components to be defined: the model assumed,
the forecasting equation, the method of estimation, the forecasting confidence interval, and the estimate of the error variance. Each of these is
discussed in turn below for the constant mean model.
(i) Assumed model. The model equation upon which the forecasts are based
incoporates the a priori assumptions regarding the nature and behaviour of
events, the system, or the variables with which we are concerned. For the
constant mean model, the assumed model equation is given by the equation:

Despite the convenience presented by forecasting models the problems
discussed above do give rise to difficulty when statistical inference or
calculation of forecasting confidence levels is also involved. However, it
is important to bear in mind the distinction between the aims of forecasting
and inference, since when only for former is required, many of the complexities of complicated estimation techniques can be avoided. In fact, for
forecasting purposes alone, estimates of models deriving from least-squares
regression (OLS) are optimal in the sense that they are minimum mean squares
error (MMSE). This property of least-squares estimates discussed further in
section IV.
II

THE DEVELOPMENT OF FORECASTS IN. THE
SIMPLEST CASE (CONSTANT MEAN MODEL)

The development of forecasting equations for all possible statistical
models is clearly beyond the scope of this short CATMOG. Hence this
discussion concentrates attention on forecasting in the simplest case of a
constant mean model. For more complex models good summaries are given by
Box and Jenkins (19/0), Chatfield (1975), Anderson (1976), Gilchrist (1976),
Makridakis and Wheelwright (1979) and Bennett (1979). In addition, a number
of papers in the Journal or the Royal Statistical Society make very useful
reading because of the detailed discussion which they include which emphasises
the difference in viewpoints of analysts on the relative efficacy of different
methods. The papers in that journal by Coen, Gomme and Kendall (1971), Box
and Newbold (1971), dray (1971), Kendall (1971), and Chatfield and Prothero
(1973) are particularly commended.
In the discussion which follows, the detailed derivation of the forecasting equations is given for the simplest model, that based upon assuming
that the time series in question is characterised by a constant mean. Then,
in the following pages, the discussion of the more complex forecasting
models is more brief, emphasising the equations used, rather than the details
of the derivation which can be followed in the references given.

6

Incorporating these two steps into the forecasting equation (2) gives the
final equation used for deriving forecast estimates. This gives us:

estimates of the constant mean can be developed, and methods using 'local'
and recursive forms will be discussed in later sections of this paper.

7

'( iv) Forecasting confidence interval. If we are interested merely in forecasting the level of a variable at some future instant, then equation (3)
allows us to accomplish this task. However, one major advantage of
statistical over intuitive forecasting techniques is that they allow us to
develop a further set of equations which permit measurement of how close our
forecast will be to the true value of the variable, with a given probability.
The result will then be a measure which suggests that at a given level of
statistical significance, we expect the forecast to be within plus or minus a
given amount of the true value.
The generation of such forecasting confidence intervals requires three
decisions to be made. First, it must be established that the forecast is
an unbiased estimate. (Hence to establish confidence intervals, the normal
assumptions of regression are important and must be satisfied, whereas for
the pure forecasting equation (3) they need not be satisfied; see the
discussion in section I (v)). Second, it must be established that the errors
know the accuracy of the forecasts. This last decision requires a tradeoff
between desired accuracy of the forecasts and the veracity of the model
itself, that is, there are the usual problems of trading off between making
a type I and type II error of inference.
Let us take as an example the requirement that the forecasting confidence
intervals be at the 95% level. This gives the range within which our forecasts will be no more than 5% incorrect when averaged over a large number of
cases. If we can assume that the forecasting errors are normally distributed,
then from the standard normal distribution at the 95% significance level, the
forecasting errors will cover the range of + 1.96a. of the true value of the
in both over- and under- estimation. The position should be clear from
figure 1. For the standard normal distribution, graphed in the upper part
of the figure, the area under the curve in the two tails corresponding to
the 5% chance of error is given by standard tabulations as 1.96, i.e.
(4)
Relating this result for the standard normal distribution to the scale of
measurement of our example requires rescaling by the standard deviation of

In evaluating this equation, it remains to obtain an estimate of the
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(v) Estimate of the error variance. For the constant mean model an
equation which can be used to provide estimates of the variance of the errors
is very easy to obtain. However, at first reading the reader may wish to
omit this derivation and move directly to the result given in equation (6).
The estimate of the forecast is given by equation (3) as:

or

Hence, the estimate of the forecasting errors can be expressed in terms of
the variance of the original data, but weighted by a term (t+l)/t. This
weighting will always be smaller than one, and tends to the value of one
as the sample size increases.
Using the expression for the error variance of the forecasts (6), the
forecasting confidence intervals can now be obtained directly from equation
(4) as:

or, substituting the forecasting model (1) we have:

or,

From this equation, if we take the variance of each term, represented by the
term var(.), we obtain,

An example.
To obtain a clear grasp of the preceding discussion, it is useful to
work through an example using actual data. the example used below will also
be used throughout the ensuing discussion of more complex forecasting
models. It uses a set of rainfall and runoff measurements for a small
drainage catchment in Kenya. This catchment, the Lagan River, has been
discussed by Blackie (1972) and the data have been previously analysed for
forecasting purposes by Bennett (1979). The reader is directed to these two
sources for a more detailed discussion. The data are reported in figure 2
and tabulated in Appendix 1 which allow the reader to follow and recalculate
the results.
Using just the last 12 months of runoff data, we have the series of
observations (60.7, 36.2, ... , 66.5, 86.5). Applying the estimating
equation (3) we obtain:

This result can now be used to give estimates of the forecasting errors.
Remembering that

again, find the variance on both sides:

This forecast is shown in figure 3. Clearly the series of Lagan runoff data
has a marked seasonality with a summer maximum and winter minumum, and thus
the resulting forecast using a constant mean model will not be very
accurate. The more complex seasonal models discussed in section III are
However, for illustrative purposes we may go on and calculate
required.
confidence levels for the constant mean forecast. Again, using only the
last 12 observations, we obtain an estimate of the variance of the runoff
series of:

Entering this result into equation (7), we obtain the forecasting confidence
intervals at the 95% significance level as:

10
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(11)

and the moving-average rate of change model:
good, having wide confidence intervals indicating a high level of uncertainty
in the forecasts produced.

III TYPES OF FORECASTING MODELS

(12)

Both of these models give equal weight to each period in the past. A more
complicated model allows differential weighting of the contribution of each
period of the past. One major example is the exponentially-weighted

Even within the class of statistical forecasting techniques to which
this CATMOG is restricted, there is a wide range of available methods.
These are grouped into six categories below and each is summarised in
turn. In practice, a given forecast may require elements of two or more
of these different forecasting models to be combined, e.g. as a constant
mean, plus trend, plus seasonal model. In the discussion which follows
it will not be possible to give the detail adopted for the constant mean
model. In each case the equations for the forecasting estimates are given,
but the equations for the forecasting confidence intervals are not derived,
and are given instead in Appendix 2.

moving-average model:

(i)

The results of applying each of these forecasting models to the
Lagan runoff series from September 1967 to December 1968 are given in
Table 1. In this case forecasting has been applied to postdicting known
outcomes. This enables us to see how good the forecasts have been. This
results in the surprising finding that the no change model is the best of the
simple predictors employed!

Extrapolation (naive) models.

These models are very simple to apply and have been extensively used
in market and business forecasting. The following references detail some
examples of such applications: Fildes(1979), Brown (1962), Winters (1960),
Theil and Wage (1964), and Theil (1966). The simplest extrapolation model
is the no change model.
(8)
that is, there is no change from the present time period to the future at
one step ahead e.g. streamflow now will be the same as when last measured.
Two other simple models incorporate the effect of changes. The absolute
change model is given by:

(13)

can be chosen using the experience of the investigator. It is usually

(ii) Trend and growth curve models.
Many temporal and spatial series exhibit trends of various forms, and
these may be estimated and incorporated into forecasting equations. The
simplest such model is a direct extension of the familiar regression
equation
:
(14)

(9)

This is a linear trend model which can be used for forecasting by changing
the time origin as follows:

and the rate of change model is given by:
(10)
Equation (9) states, for example, that streamflow will be the same as when
measured plus a term to allow for changes observed over the last two
measurements. Both equations (9) and (10) can be extended to (n+1) terms
and an average taken over various periods of change. This gives the

moving-average absolute change model:

This can be estimated by the normal least-squares equations with the
independent variable being replaced by time values indexed from zero
onwards, i.e. independent variable values will read as 0,1,2,3, ...,
t , ...}
.
More complicated trend models can be used to describe complex curves
of growth or decline. Simple extensions of the linear trend model
are polynomial trend models:

15
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TABLE 1. Extrapolation forecasts for the Lagan discharge data

Discharge in
Lagan (Sept.
1967 - Dec.
1968)

September
October
November
December
January
February
March
April
May
June
July
August
September
October
November
December

86.9
84.3
80.5
126.7
60.7
36.2
35.5
77.4
162.3
130.0
133.7
160.5
139.4
85.6
66.5
86.5

Mean absolute
forecasting
error

No change
one-step
forecast
model (8)

Absolute
change
model
(9)

Rate of
change
model
(10)

(15)

Two-term Two-term
exponential
movingmodel (13)
average
rate of
change
model (12)

86.9
84.3
80.5
126.7
60.7
36.2
35.5
77.4
162.3
130.0
133.7
160.5
1 39.4
85.6
66.5

81.7
76.7
172.9
-5.3
11.7
34.8
119.3
247.2
247.7
137.4
187.3
118.3
31.8
47.4

81.8
76.9
199.4
29.1
21.6
34.8
168.8
340.3
104.1
137.5
192.7
121.1
52.6
51.7

77.3
159.6
62.2
19.4
27.9
122.3
346.5
187.8
122.3
178.9
144.3
63.3
45.9

82.5
107.4
82.3
56.1
39.3
59.5
119.9
131.7
136.8
148.5
144.6
111.7
82.4

29.8

49.9

51.1

52.2

32.3

Notes: a. model is given by:

(16)

b

a

These, and more complex, growth curves frequently used in forecasting are
shown in figure 4. The Gompertz and logistic curves, for example, have
frequently been used in UK traffic forecasts (see Tanner, 1978; Bennett,
1978), whilst species of the polynomial models have been applied to trend
surface analysis of spatial distributions (see Haggett, 1964).
Although more complex, the growth curves shown in figure 4 can be
estimated using normal least squares estimation equations by the simple
device of linearizing the equations. The linearized version of each of the
models is shown in figure 4, where the two devices of rearrangement and
taking logs have been sufficient to reduce multiplicative models to additive
ones. Using these equations, each of the models shown in figure 4 can be
estimated using standard least-squares regression computer packages.
In other circumstances, very complex or inconsistent trend patterns
may preclude description by mathematical functions such as those shown in
figure 4. In these cases the following alternative procedures may also
be considered:
(i) section the data and estimate different forecasting models
for different periods of time,
(ii) construct models for the slope and intercept parameters which
allow them to differ at different time periods. This requires
the parameter change models discussed in section III(vi) of this
CATMOG.
(iii) use nonlinear estimation techniques which can provide parameter
estimates of series with complex trend functions which are not
readily linearized (see Box and Jenkins, 1970; Bennett, 1979).
(iii) Regression models.
Regression models differ from the trend and extrapolation forecasting
models discussed above in that knowledge of the behavioural structure is used
to improve forecasting. Whereas extrapolation models involve assumptions
as to trend or other elements, regression models develop optimal estimates
(in some minimum error sense) of a mathematical model which best represents
the underlying relationships. At best these models can be based on
confirmed and well-understood relationships. At worst they may be mere
curve-fitting exercises which add little to extrapolation models.

b. model is given by:

The simplest regression forecasting model is a straigthforward
extension of the familiar linear regression equation, i.e.
(17)

16
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of linear regression can be recast as a forecasting equation by merely
shifting the base of the time index t;
(18)
Now a forecast at lead time k is given and the model can be estimated by the

Such leading indicators are common in practice: some stock prices are known
to anticipate changes in the general level of the stock exchange indexes;
changes in GNP anticipate changes in unemployment levels (Bray, 1971);
changes in unemployment anticipate changes in migration in a region (Bennett,
1974); changes in rainfall into a catchment lead changes in runoff at its
mouth; changes to the number of prey in an ecosystem anticipate changes in
the number of predators; and so on. In many situations such lead-lag
interrelationships can be represented in terms of systems as outputs
that respond to inputs after some delay period. In other situations there
may be no behavioural structure of input-output or stimulus-response which
can be inferred, and the leading indicator model must be taken as merely
a black-box forecasting device which 'works'. Clearly, the former
circumstance is preferable to the latter because it allows forecasts to be
meaningfully interpreted, more readily applied to planning, and which can
be better justified.
The regression model can be extended to a whole set of lags of the
leading indicator:
(20)
This is a multiple regression equation where the set of independent variables
are in fact lags of the same independent variable. The normal least-squares
equations can still be applied to estimating the coefficients. In this
case there are q coefficients defining the maximum order of the equation
(the maximum lag). The equation can also be extended to a set of lags and
a set of independent variables, e.g.

Fig. 4. Common trend and growth models used
equation in each case refers to the
equation to the linearised versions
version can then be estimated using
(note linearisation is not required
18

in forecasting. The upper
forecasting model, and the lower
after taking logs. The linearised
least-squares regression.
for the polynomial models)

(21)
19

discussed in more detail by Lai (CATMOG 22) who adopts the more general
systems terminology of transfer function models to refer to them.
As an example of the application of regression forecasting models,
consider again the Lagan runoff data. If rainfall is used as a leading
indicator, the following regression model can be estimated:

(22)

This expresses runoff as a dependent variable on previous runoff levels and
values of the rainfall as an input. The terms in brackets are the standard
errors of the coefficients, and the detailed identification and estimation
of this model using least-squares regression is discussed by Bennett
(1979, pp 142-3, 235-6). Applying this model to the Lagan runoff series
to give forecast values, we obtain the results shown in figure 5 for the
forecast and confidence interval for the one-step ahead forecast.
(v) Stochastic models
Stochastic models arise in situations in which the error term and
random components of the system play a more dominant part. There are two
main classes of such models: autoregressive, and moving-average together
with various 'mixed' models incorporating elements from both autoregresive
and moving-average formats.
The general form of stochastic models has already been introduced in
discussion of the extrapolation models. However, stochastic models differ
from extrapolation models in using optimal estimation of the forecasting
coefficients, whilst extrapolation models use ad hoc assumptions or
external prior knowledge.
The various classes of stochastic models may be listed as follows:
(a) autoregressive (AR):

(23)

(b) Moving-average (MA):

20
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or

(24)
Thus, when equation (26) represents a first order model, we obtain the
equivalent second order model:
(c) Autoregressive moving-average (ARMA):

(25)

the number of lags involved.
Note that in each of the stochastic models there is no intercept term
by trend and extrapolation models. A second family of forecasting models
arises however in the special, but common, case in which the trend in the
forecast variable is also stochastic, this gives rise to so-called integrated
or cumulative processes. The simplest case of such an integrated model can
be illustrated with no change extrapolation model (8). With a random error
term added, this now becomes a random walk model:

Similar forms of differencing can be applied successively to give n th order
differences of a series, if this is desired. These can also be applied to
the stochastic processes discussed above and this gives rise to a family
of integrated autoregressive processes such as (26), to integrated movingaverage models, and to the general family of autoregressive integrated movingaverage models (ARIMA) to which Box and Jenkins (1970) devote primary attention.
The use of stochastic models for forecasting is very straightforward
since simple shifting of the time origin transforms them from descriptive
to predictive equations. Thus, the first order autoregressive and movingaverage models become, respectively:
(29)
and
(30)

(26)
Note that this can be rearranged to give:

forecasting equations as:
(31)

or
and
where

(32)

(27)

(28)
Or

A voluminous literature has developed around the two problems of
determining the correct model (autoregressive, moving-average, ARMA, or
ARIMA) to use in forecasting (the so-called' i dentification problem) and
estimating the coefficients in each model. This literature is summarised
by Anderson (1976), Box and Jenkins (1970), Richards (CATMOG 23) and Bennett
(1979).
An example of stochastic forecasting can again be developed for the
Lagan catchment, but for this particular problem a seasonal model is
required and discussion of the resulting forecasting equations is left until
this new species of model has been introduced in the next paragraphs.
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(v) Seasonal models.
Many spatial and temporal series in both physical and economic problems
contain marked cyclical patterns; e.g. unemployment, rainfall, insolation,
etc. These are frequently referred to by the general title seasonal
series even though in many cases seasonality is only one possible
component together with other causes of cyclicity.
The simplest seasonal model is an adaptation of the constant mean
model (1). This is termed the seasonal mean model (sometimes termed the
Holt-Winters model; see Bennett, 1979). It expresses the forecast value
at any instant as a function of the mean of the season (or other period),
i.e.
(33)
Here j is used as an index of the season (or period) concerned, and there
are r such seasons. In other respects this model is identical with
equation (1). This equation can be thought of as giving a set of r
separate forecasting models, one for each season, each with a different mean.
By analogy with equation (3) estimates are given by:
(34)
where r represents the length of seasonal period relative to the original
data.
This simple form of seasonal model can be combined with extrapolation,
trend, stochastic and each of the other forecasting models discussed in
this handbook. The special case of trend-plus-seasonal model, which is
frequently used in business forecasting, is often referred to as the
Theil-Wage model (Bennett, 1979). Table 2 and figure 6 give examples of the
use of three of the simplest seasonal models applied to the Lagan catchment
discharge series:
(a)

a previous season forecast
(35)

where 12 is used to refer to the annual cycle in these monthly data.
(b)

a previous season plus absolute data change model
(36)

where an annual cycle is combined with first differences.
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TABLE 2. Comparison of three seasonal forecasting models for the Lagan
discharge series

Discharge
in Lagan
(Dec 1966
to Dec
1968)
December
January
February
March
April
May
June
July
August
September
October
November
December
January
February
March
April
May
June
July
August
September
October
November
December
Mean absolute
forecasting

27.6
17.9
12.0
13.3
18.4
47.7
64.2
87.1
82.3
86.9
84.3
80.5
126.7
60.7
36.2
35.5
77.4
162.3
130.0
133.7
160.5
139.4
85.6
66.5
86.5

Seasonal model

Seasonal model

Seasonal model

(35)

(36)

(37)

forecasting model might be more appropriate. Using a seasonal model
to forecast from one year to the next plus exponential data weighting from
recent months, model (37) gives the lowest error in Table 2, and it is likely
that further refinements will produce further improvements.
There are two other important seasonal models apart from those introduced
above. The first of these, the Fourier forecasting model is a form of
deterministic mathematical function, similar to the trend models discussed
previously, but giving a recurrent, cyclical structure. The simplest way of
introducing this model is to describe it as a special mean model with estimates of the seasonal mean defined as:
(38)
where F is equal to one half of the length of the series seasonal periodicity,
for r
e.g. 6 for monthly data and an annual cycle. The seasonal mean
seasons is described as a function of the sum of the sine and cosine
overall sum. This model can be estimated by least-squares regression and
there are various packages available for this task.

27.6
17.9
12.0
13.3
18.4
47.7
64.2
87.1
82.3
86.9
84.3
80.5
126.7

8.2
6.1
14.6
23.5
77.0
80.7
110.0
77.5
91.5
81.7
76.7
172.9

57.8
44.2
35.4
31.4
68.3
100.3
120.9
107.2
120.0
113.2
94.2
127.7

50.8

35.6

29.2

The stochastic seasonal forecasting model is a second important more
complex seasonal model. this is a direct development from the stochastic
trend model of integrated processes (27). They can be estimated by seasonal
differencing, e.g.
(39)
where s is equal to a lag corresponding to the period of the seasonal cycle
present in the original data. Using this concept, each of the models discussed earlier can be turned into seasonal models. For example, the stochasti
random walk model (26) can be combined with a stochastic seasonal model to
give:
(40)
or

or
(c) A previous season plus exponential data weighting forecasting

(37)
The results of applying these various seasonal models demonstrate that neither
of the purely seasonal models (35) and (36) produces very adequate forecasts,
although both are better than some of the models shown in Table 1. The errors
in these seasonal models are due to the large variation in cyclic amplitude
from one year to the next (refer to figure 1.). This suggests that a combined
26

Stochastic seasonal models are often preferable to Fourier models because
they allow seasonality which has randomly displaced periods and amplitudes
to be modelled. Such cases arise frequently, as for example when seasonal
peaks of rainfall occur earlier greater or smaller than the average run of
events (displaced amplitudes).
An example of a stochastic seasonal model can be developed with the
Lagan catchment data for the rainfall series alone. An appropriate model
to forecast this series is:
27

(41)
This is a third order autoregressive model which has been estimated from
data which has been differenced both as simple and seasonal differences to
remove both stochastic trend and stochastic seasonality. The process by
which this model is estimated and identified is described by Bennett (1979,
pp 157-8, 237). The results of applying this model to forecast the Lagan
rainfall are shown in figure 7 together with the forecasting confidence
intervals. When the differencing operator is expanded the final model is
given by:

or

(vi) Parameter change models
The forecasting models discussed above have all assumed that the most
appropriate model is constant over time and space. Many situations arise,
however, in which the most appropriate model will differ at different points
in time or space. To cope with such situations, various parameter change
models have been developed. The use of such models is referred to as
adaptive forecasting, or nonstationary parameter forecasting. The use of
these models is a relatively new field and a complicated one, and it will
be possible here only to give a short summary. The reader is referred to
more detailed discussion in Gilchrist (1976, chapter 4) and Bennett (1979,
chapters 5 and 8). Various approaches to adaptive forecasting are discussed
in these two books, but since each can be expressed as a special case of
recursive least-squares, only this approach will be discussed here.

is the single parameter of this forecasting model, are derived at any point
in time using equation (3):
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This can be rearranged to give:
(43)
This is an important relationship since it demonstrates a very simple way

and so on recursively.
The potential of this approach is somewhat limited for the constant
mean model, but in more complex models, the recursive structure of equation
(43) is especially significant. Two features should be noted. First,
considerable economies are made in the amount of calculation required. Second,
the recursive structure lends itself to methods which permit estimates of
the changing model coefficients to be calculated. For the constant mean
model, for example, equation (43) gives an adaptive forecast and an adaptive
estimate of the mean as a single term.
In providing adaptive models for more complex forecasting equations it
is easiest to proceed from the constant mean model to the regression model.
For this and other parameter change models it is necessary to adopt a
vector and matrix notation for the forecasting equations. Let us first
assume that least-squares estimates of the regression parameters in our
forecasting model can be employed (none of the assumptions of least-squares
regression are undermined). The estimates of the regression parameters for
the general case of a multiple regression forecasting model can then be
written as follows:
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There are assumed to be h parameters in all, and each vector and matrix has
been explicitly subscripted by t to show its dependence upon the data available up to time t. Our problem is to find a recursive equivalent of the
manipulation of the constant mean model which yielded equation (42). This
recursive solution for equation (45) was first given by Plackett (1950). The
derivation is long, but not complex, and can be followed in Bennett (1979,
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pp. 279-80). It results in what is normally termed the recursive leastsquares estimator given by:

model equation
(47)

(48)

(49)

(50)

(51)

filter (see Kalman, 1960; Willems, 1978; Bennett, 1979). This property does
not concern us directly here, but is very significant in research developments,
especially where policy models are concerned.
The operation of the parameter change forecasting model can be readily
understood from the Lagan catchment model. The last three observations for
the rainfall and runoff data (after second order and seasonal differencing)
are:
rainfall:
runoff:

-195.2

14.9

66.7

-5.4

0.7

-5.7

The basic form of the regression model for this forecasting problem is given
by equations (47) to (51), with coefficients as used in equation (22). This
gives:

The solution can now move to the next time period t+2 and the procedure
can be repeated with the new parameters and covariance estimates, and so on.
A major problem with the direct application of equations (47) to (51)
is that as time progresses the estimates weight the past data too highly,
and give too little weight to new data. This occurs because P t and Kt
become very small. If it is required to keep the equations open to new
information and hence better track any parameter shifts which occur, then
old data must be weighted to a smaller extent. Various methods for
changing the weighting of old and new data are available, and the three
main species of techniques, ad hoc methods, window function and adaptive
estimation, are discussed by Bennett (1979, chapter 5 and 8).
(vii) Spatial forecasting models

Forecast values for each of the other terms in equations (48) to (51) can be
derived as follows:
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There is a large and growing literature on the application of forecasting techniques to geographical problems which are explicitly spatial Ind
for such problems there have been four major approaches. First, the simplest
approach is the so-called leading-indicator method by which changes in one
region provide a time series to predict changes in the time series measured
33

in another region. Examples of this type of model usually employ forms of
the regression models discussed above. They were applied first by King et
al. (1969) and Haggett (1971) to regional unemployment levels. The
unemployment levels in one region were used to forecast the likely pattern
of change in another region. There are now many examples available of
studies which attempt to find lead-lag relationships between regions which
are sufficiently stable for forecasting purposes and these are summarised
by Cliff et al. (1975), and Haggett et al. (1977).
A second method is the so-called weights matrix approach in which the
leading indicator which is used to forecast is the weighted sum of forecasting variables in other regions. This method has been developed by Cliff
and Ord (1973, 1975), Cliff et al. (1975) and Haggett et al. (1977), and has
been applied to forecasting the spatial diffusion of epidemics, unemployment
cycles and other phenomena.
A third approach is the so-called spatial system structure in which
weighted sums of regional forecasting variables are abandoned and instead
the full set of interactions between all regions in the area of interest are
used to forecast future changes in the region of interest. This approach,
advocated by Bennett (1979), has been applied to environmental problems and
to diffusion of relative economic changes.
A fourth approach is applied to forecasting where only spatial and no
temporal data are available, e.g. where it is attempted to forecast from one
part of a map to another, and there is no explicit time dimension present.
Most commonly this arises with data interpolation (e.g. 'Kriging' methodsused in Geology). In addition, specialised Markov field models may be
relevant to some empirical cases. Discussion of these methods is complex and
beyond the scope of this CATMOG. The reader is referred to Besag (1974) and
Bennett (1979, pp. 499-531).

(a) Ad hoc loss function:

the forecasts are compared against some
criterion of the utility of the forecasts to the analyst, chosen
with relation to the attributes of the problem in hand.
(b) Mean square prediction error: This is the most widely employed
criterion and requires that the forecasts should have smaller
variance, in the long run, than any other possible forecasts.
This minimum mean square (MMSE) criterion measures the aggregate
deviation of the forecasts from the actual realisation. Hence,
an optimal forecasting method will be that which minimises the
criterion:
,

(52)
The similarity of this criterion to that of the least-squares
criterion used in regression estimation should be noted. In
fact the estimation problem (to determine the regression
coefficients of a model) and the forecasting problem (to
determine the optimal forecasts using a given model) are
identical in structure, and an optimal model (MMSE model) will
yield optimal forecasts (MMSE forecasts). This is very important since it yields the result, due to Gauss, but developed by
Wiener and Kolmogorov in the 1940's, that the minimum variance
unbiased estimator of a regression model also yields minimum
variance (MMSE) forecasts. Proof of this statement is available
in Gilchrist, 1976 and Johnston, 1972.
(c) Inequality coefficients: This is a measure, resembling the
correlation coefficient, of the forecasting error given by:
(53)

IV EVALUATION OF FORECASTING MODELS
Evaluation of forecasts concerns the important stage of comparing the
forecast with the actual value of the forecast variable when this becomes
available. This can be accomplished in two ways:
(i) Ex Post: A model fitted to previous data is used to predict the
past values, so-called post-diction. In some cases some of the
past data may be saved to forecast from the other past data: model
fitting is undertaken with the T-L data points, and then this
model is used to forecast the last L data points.

(d)

where the summations run over the forecasting lead time employed.
The values of Q are bounded by zero (for perfect forecasting),
and one (for forecasts which give no information).
Symmetric inequality proportion: The equation for the forecasting
errors (53) can be decomposed into three parts:
(54)
where.

(ii)Ex Ante:

(55)

A model fitted to past data is used to predict the unknown future values, then the forecasts are compared with the
actual realisation when with the passage of time the previously
unknown future data become available.

(56)

Whichever forecasting situation is involved, a wide range of evaluation
methods can be employed to assess the quality of the forecasts produced.
The major categories are discussed below.

(57)
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(e) Residual autocorrelation: Various tests of residual autocorrelation can be applied to the forecasting errors. If there are
systematic errors detected by a significant value of the
residual autocorrelation, then the model must either be
modified, or a second model to reproduce the stochastic error
correlation properties must be adjoined.
(f) Prediction-realisation diagram: This is a simple graphical plot
suggested by Theil (1966) and shown in figure 8(a). A consistent
correspondence between forecasts and actual realisations will
show a direct linear relation
° in the figure. It is normal to
rotate the figure through 45 , as shown in figure 8(b). After
this manipulation, figure 8(c) shows the various categories of
forecasting errors: overestimation, underestimation, and
turning point errors.

(58)

(h)

This statistic ranges from zero, for perfect forecasting, to one
with forecasts which give no information.
Information gain: This is a measure of the information gained
from new observations and is based on Shannon's measure of
information gain:
(59)

V CONCLUSION: CHOICE OF FORECASTING MODELS
The preceding discussion reviews each forecasting model in detail without commenting on which is most appropriate in a particular context. From
the experience of previous empirical studies, and of research using
simulations of real problems, it is possible to give some general rules of
guidance which should be followed in choosing a particular approach to
forecasting.
In many forecasting situations, stochastic models have proved themselves
preferable to exponential data weighting, seasonal models, arid Fourier models.
Reid (1973) found such models preferable three out of four times. Much,
however, depends upon the circumstances of the particular study. Stochastic
models such as Box-Jenkins techniques are generally better for shorter
forecasting lead times, and for more frequently observed data (i.e.
monthly rather than annual) where more noise is present. Again, in
parameter change situations, stochastic models, when combined with
recursive least-squares estimation, are usually preferable to other methods
36

37

(Kendall, 1973). In fact, there is usually the surprising result that
stochastic models are usually better than regression models. This poses a
considerable dilemma. Stochastic models are essentially black box forecasting devices for which it is usually difficult to give behavioural
interpretations. Regression models, however, do give the opportunity for
'causal' or structural explanation, except where the leading indicators are
merely used as black box forecasters. It may be, therefore, that in some
circumstances a regression model should be preferred even if it gives larger
mean square error than a stochastic model; the forecasts are more credible
and interpretable.
To conclude, then, no hard and fast criteria for choice of forecasting
model can be given. Much depends upon the experience and judgement of the
analyst; as in all statistical methods this factor cannot be removed. Still
more depends upon the nature of the data itself: in many cases the presence
of trends, cycles and other factors indicates clearly the type of models
which should be explored. In seeking the necessary_ experience the reader
is strongly urged to experiment with different data sets, and is referred
particularly to the guidance given in sources such as Chisholm and Whittaker
(1971), Chatfield (1975), Gilchrist (1976), and Bennett (1979).
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APPENDIX 2

Stochastic models (22) to (25)

Equations for calculation of forecasting confidence intervals

The confidence intervals are given by:

This appendix gives the equations for calculation of the forecasting
confidence intervals for each forecasting model. In each case only the
estimate of the error variance is given; the confidence levels can then be
derived by substituting these estimates into equation (4) with the chosen
significance level.
where

No change model (8)

Absolute change model and rate of change model (9) and (10)

Moving-average change and rate of change model (11) and (12)
where n is the length of movingaverage

Exponentially-weighted moving-average model (13)

Trend models (14) to (16)
e.g. linear trend
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